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ABSTRACT

Title of Thesist The Measurement of Damping and Natural
Frequencies in Linear Systems by using
the Random Decrement Technigue

Chih-Po Lin, Master of Science, 1981

Thesis co-directed by: Dr. Jackson C. S. Yang
Professor of Mechanical Engineering

Dr. Nicholas Dagalakis

Assistant Professor of Mechanical
Engineering

The objective of this work is to investigate analytically
the accuracy of the Random Decrement Technique in determining
the natural frequencies and the damping ratios of dynamic
systems. The dynamic systems used were a second order, a
fourth order and a high order system. Lumped parameter models
were used for the second and fourth order systems. A finite
element model was used for the high order system.

The natural Frequencies and the Damping ratios were
obtained directly from the Random Decrement Signature by the

logarithﬁié decrement technique and with the use of a curve
fitting algorithm. For the case where the modes are well
separated the accuracy of the two techniques were compared.

The accuracy of the Random Decrement Technique was also
investigated as a function of the number of Random Decrement

Aversges.
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CHAPTER 1
INTRODUCTION

The analysis of dynamic systems through the use of
experimental data is of considerable importance in many areas
of engineering analysis. The modal damping and natural fre-
quencies of a structure can be determined through the analysis
of the experimental data. Once determined, the information
can be used to study and modify the vibration characteristics
and dynamic behavior of the structure. Several authors [1-3]
have shown that the natural frequencies and modal damping of
a structure can be measured through the application of fre-
guency response method.

In many practical problems the structures are excited
by random inputs, such as in the case of aircraft wings
subjected to turbulent boundary layer flow, building subjected
to earthquake, o0il platform subjected to ocean wave loading,
etc. In such cases, the use of the Random Decrement Technique
to obtain the dynamic characteristics of structures is a

powerful technique.

The Random Decrement Technique has been used successfully

for.crack detection [4,5] of structures and modal damping
measurement in single-degree-of-freedom systems [6) « This

technique analyzes the dynamic response of a system subjected
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to random excitation. It is an average proceéure to produce
a Random Decrement Signature which represents the free
vibration decay curve of the system.

The Random Decrement Technique is relatiﬁely indepen-
dent of the input excitation; it only requires that the
input is random. For single-degree-of-freedom systems, the
frequency and damping ratio can be caculated directly from
the Random Decrement Signature by the logarithmic decrement
measurement. For multi-degree-of-freedom systems with well
separated natural modes, the Random Decrement Signature of
each mode can be obtained by filtering the response data
first. If the system possesses closely spaced modes, it is
difficult to separate them by the filter to obtain single-
mode Random Decrement Signatures. There will be distortions
and beating in the Random Decrement Signature. In such
cases a curve Titting technique can be applied to extract
the natural frequencies and modal dampings from this multi-
mode Random Decrement Signature. These quantities are
obtained by fitting the digitized time history data in a
least-squares sense with complex exponential functions.

A power spectral density program is utilized to obtain
the power spectral density curves of both the response signal
and Random Decrement Signature. It is an ensemble average
of the square of the magnitude of the Fourier Transform of
a number of segments of the time history. From the power
spectral of the response signal we can select the approximate

filter ranges in applying the Random Decrement procedure.



From the power spectral of the Random Decrement Signature
we can provide an estimate of the number of modes contained
in the Random Decrement Signature to be used in the curve
fitting method.

One single-degree-of-freedom system and two two-
degree-of-freedom systems were investigated for the theore-
tical study of the Random Decrement analysis. One of the
two-degree-of-freedom systems has well-separated modes,
the other one possesses closely-spaced modes. Different
approaches were introduced to handle each case. Finally
these were applied to a complex piping numerical (Finite
Element) simulated system to extract the natural frequencies
and modal dampings of the system. These numerical investiga-
tions are presented in chapter 3.

The results.obtained from Random Decrement analysis
for theoretical simple models agree well with caculated
theoretical values. In the application to the complex piping
system there are discrepancies in the damping values used
in the finite element computer program. There are many
possible sources of error that may cause the discrepancies.
A study on these possible sources of error is presented in

chapter 4.



CHAPTER 2

BACKGROUND

2-1. INTRODUCTION

Since the development of the Random Decrement Technique
by H. A. Cole, many reports about this technique have been
presented (5-7, 10-12) . In this chapter only the highlights
of this technique will be described., A detailed description
on the curve fitting technique used in this investigation is
also presented.

2-2. RANDOM DECREMENT TECHNIQUE

The Random Decrement Technique was developed by H. A.
Cole for the measurement of modal damping and failure detection
of a structure (10) . The basic concept of this technique is
based on the fact that the random response of a system due to
a random input can be divided into two parts: deterministic -
part and random part. By averaging enough segments of the
response, the random part will average out. If the segments
of the response are selected at a constant level and have
alternatively positive and negative slope, the resulting
signature is representative of the free vibration decay curve
of the system with an initial displacement. The method of
extracting a Random Decrement Signature is shown in figure 1*.

A detailed description can be found in reference 6.

* Figures are found in Appendix A.

4
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The Random Decrement Signature is dependent on system
characteristics, such as natural frequency and modal damping,
and relatively independent of the input excitation. For a
single-degree-of-freedom system the natural frequency and
damping ratio can be caculated directly from the Random
Decrement Signature by‘the logarithmic decrement measurement
since the signature is a free vibration decay curve of the
system. For multi-degree-of-freedom systems where the modes
are well separated these can be determined by bandpass filter-
ing the response data about the natural frequency first to
yield a single-mode Random Decrement Signature of interest.
However, if the principle modes of a multi-degree-of-freedom
system are closely spaced, they can not be separated by a
filter without distorting the Random Decrement Signature. 1In
such a case curve fitting is introduced to solve this problem.
This curve fitting technique will be described in the next

section.

2-3. _LEAST SQUARES CURVE FITTING TECHNIQUE

As mentioned previously it is difficult to extract the
natural frequencies and modal dampings by setting the filter
ranges about the mode of interest in Random Decrement analysis
if the system contains closely-spaced modes. Distorted Random
Decrement Signature will result if too narrow bandwidth of
filter cut-off frequency is chosen. On the other hand a multi-
frequency Random Decrement Signature will result if the band-

width of the filter is chosen wide enough to include the closely



spaced modes. For the latter case a least squares curve
fitting technique can be used to extract the natural frequencies
and modal dampings from this multi-frequency Random Decrement
Signature.

The least squares curve fitting method is an approximat-
ing procedure by fitting the empirical data f(xi) to a
theoretical function f*(x) which is a linear combination of
given functions so that the given norm of the error function

*
f -f becomes as small as possible - that is

“f* - f"2 = ,i:-z‘f*(xl) - f(Xi) 2 Wy

(w, is weighted function)

becomes as small as possible.

The curve fitting technique adopted in this thesis was
developed by R. M. Bermett and R. N. Desmarais( 13) and was
applied successfully for extracting the modal parameters from
transient response data. This method may also applied to
Random Decrement Signature since it is representative of the
free vibration curve of the system.

The transient response data f(ti) (i=1,2,-.-+n) can be
approximated by a theoretical homogeneous solution with complex

exponential functions in the form

— & "ijWkt 2 . =
y(t)—ao+ %;e (ak cos wy /1-ék t + b, sin wkll-ék t)
| | (2.3.1)

The least squares curve fitting technique will minimize the
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mean squared-error difference between input time history f(ti)'

and output fit y(ti). The squared-error difference is given by

5= 3 e - 20ey))? (2.3.2)

If Wy andgék are preassigned, the coefficient aj,, ay
and bk can be computed by simply solving a linear least-
squares problem. The nonlinear parametersu)k and ¢fk are
then determined by a direct search technique. Finally one set
of iy andqgk which minimizes E in equation (2.3.2) will be
obtained. Hence, the intent of the curve-fitting procedure
is to determine the best approximations of agr By bk,u)k
andzﬁk such that the obtained theoretical solution y(t) will
best describe the input transient response data f£(t) in the
least squares sense.

The least-squares fit of the transient response data is
performed by a combination of a stepping method and a linear
improvement method. TFirst of all the nonlinear parameters are
computed by a stepping processes in the coordinate directions.
Then the linear parameters are caculated by performing a least-
squares fit using the nonlinear parameters previously obtained.
As the least-squares solution is approached, the linear
improvement for the nonlinear parameters is accomplished by
approximating the nonlinear problem into an.equivalent linear
problem by using Taylor's series expansion about the previous'
solution.

The coordinate stepping and the linear improvement
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processes that are embedded in the program are progressed as
follows:

(1) Starting with an initial set of coordinatesg&k, sz, the
linear parameters agr 2y and bk are caculated by
performing a least-squares fit and the error E is
computed.

(2) The linear improvements fortuk.~é; are obtained by
Taylor's series expansion of the approximating function
y(t) around the previously known coordinates;uk,.jk.

(3) Using the improved estimates of Wy, ék from step (2),
the linear parameters agr 8y and bk are recaculated and
the error E is recomputed.

(4) The iteration process consisting of the above three steps
is continued until the condition that the error computed
under step (3) is greater than or equal to the error
computed under step (1) is satisfied.

(5) A starting step size is now assigned and the lowest error
under step (4) is termed the central error E for the
coordinate space Gﬁk,74k). By adding and subtracting the
step size to or from each value ofidk andnjk, 2k additional
coordinate space are obtained for which the error E is
caculated.

(6) If the cen%ral error E under step (5) is less than any
of the 2k peripheral values of E, then the step size is
reduced by 75%, and the iteration process consisting of
steps (2), (3), (4) and (5) is repeated.

(7) 1If the central error E under step (5) is not less than



(8)

9
any of the 2k peripheral values of E, then the coordinate
space corresponding to the lowest value of E is selected
as the' new central coordinate space, and the step size
is increased by 10 %. The iteration process consisting
of steps (5) and (6) is then repeated.

The procedure in terminated when a preassigned number of
iterations or a preassigned number of stepping processes

have been executed.



CHAPTER 3

NUMERICAL TEST OF THE SINGLE-DEGREE-OF-FREEDOM AND
TWO-DEGREE-OF-FREEDOM SYSTEMS AND THE APPLICATION

TO A COMPLEX NUMERICAL (FINITE ELEMENT) SIMULATED

SYSTEM

3-1. INTRODUCTION

Before one can analyze a dynamic system one must be
able to determine its performance. Both this ability and
the precision of the results depend on how well the system
equations can be expressed. The simplest vibration system
is a single-degree-of-freedom system which consists of mass,
spring and dashpot elements. Its system equation is easily
obtained by Newton's second law. A continuous system has
infinite degrees of freedom. However, it may be reduced to
a lumped system or may be assumed to be composed of discrete
parts which can be closely approximated by a single-degree-
of-freedom system of approximate natural frequency and damping
value in the region near each of the system's natural
frequencies. The systems to be analyzed in this thesis are
assumed to be time-invariant, lumped and linear.

The Random Decrement analysis can be performed either
on an analog or digital computer. In this thesis it was
done on a UNIVAC 1140 digital computer. A geometrical

10
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illustration of the Random Decrement analysis to obtain the
natural frequencies and the modal damping of a system is
given in figure 2. The response data of a system due to a
random input excitation are generated by a time integration
routine and the data is stored on computer tape. This data is
then analyzed to obtain the power spectral density curve of
the response data and the locations of the modes. After
selecting proper fiiter cut-off frequencies the same response
data is used as input for the Random Decrement program to
caculate the Random Decrement Signature. If the system to be
analyzed is a single-degree-of-freedom system, the natural
frequency and the damping ratio are directly caculated from
the signature by the logarithmic decrement method. If the
system contains more than one mode, a further check of the
Random Decrement Signature is necessary to see whether the
signature contains one or more system mode . This can be done
by analyzing the Random Decrement Signature with the use of a
power spectral density program. If the Random Decrement m
Signature contains more than one mode, a curve fitting program
is then used to extract the natural frequencies and modal
damping from the signature. One single-degree-of-freedom
and two two-degree-of-freedom systems will be used for the
theoretical study of the Random Decrement analysis. Finally
this will be applied to a numerical (finite element)
simulated piping system to extract the natural frequencies

and the modal damping.



12

3-2. MATHEMATICAL MODEL OF A SINGLE-DEGREE-OF-FREEDOM

SYSTEM (MODEL A).

The equation of motion of a single-degree-of-freedom

system shown in figure 3 is given by

mX + cx + kx = F (3.2.1)

where m (mass) = 1
k (spring stiffness) = 160000
¢ (damping coefficient) = 10

F : random input excitation.

The theoretical values of the natural frequency and

damping ratio of this system can be caculated by the following

relationships
Natural frequency wi= % = iégggg = 400 rad/sec
Damping ratio 'é-= 55%3:_ = 2xig 5 0.0125

The first step before doing the Random Decrement analysis
is to generate the response data of the system subjected to
random excitation by using a time simulation routine. Usging
the state-space approach, the n-th order differential equation
of motion for the system can be expressed as n first-order
differential equations. In the example of single-degree-

of-freedom system this was accomplished by letting
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W1=X, W2=X, W2=X

Then the equation (3.2.1) may be written as

w
1 0 1 Wy 0

(3.2.2)
-160000 -10

Wy Wy
There are various time simulation programs for solving the
time response problems associated with n first-order
differential qeuations. One of those is the 4th order
Runge-Kutta method which was used for this thesis to generate
the time response of the systems. The accuracy of the time
simulation routine depends on the time step size. Reducing
the time step size At is expected to improve the time simula-
tion routine as long as the time step is not so small to
creat the significient round-off error.

In order to generate the random response, a digitized
random input excitation must be supplied to the system. This
is done by using a random number generating routine which
was developed by Dr. G. C. Everstine. This routine generates
a random function Yj by summing N sets of equal-amplitude,
random frequency and random phase sinusoids over a frequency
range that is desired. This routine also call a UNIVAC random
number generator RANDU which generates a set of uniformly
distributed random numbers over the range (0,1) and then fed
back to the routine. A more detailed description @and the
mathematical expression of +this random function Yj is given

in Appendix C.
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After the response data was generated, it was stored
on computer tape. The response data was then used as the
input to the Random Decrement program. No filter was used
in this single-degree-of-freedom case. The mean and the
standard deviation of the response data were computed. The
mean value was used to change the data values to have a zero
mean. A fraction of the standard deviation was used for the
selection of the Random Decrement threshold level. Each
time the signal crossed this level a segment of the signal
was summed to previous segments to obtain the Random Decrement
Signature. Once the Random Decrement Signature was obtained,
the damping ratio was caculated by the logarithmic decrement
method. The damped natural frequency was caculated from an
average of periods of oscillation. A plotting routine within
the Random Decrement program displayed the Random Decrement
Signature.

The Random Decrement Signature obtained is shown in

*
figure 4. A summary of the results is given in table 1 .

3-3. MATHEMATICAL MODEL OF A TWO-DEGREE-OF-FREEDOM SYSTEM

WITH WELL-SEPARATED MODES (MODEL B).

The equation of motion for the two-degree-of-freesom

system shown in figure 5 is given by

myXy * (cq + c, )&-czxz + ( ky + k, )x1 - kyx, = 0

hdnd * * — (303-1)
m2x2 + czx2 - c2x1 + k2x2 - kle = F

¥Tables are found in Appendix B.
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where my = 1, ky 2256, 1

c4=
= 0.1

m, = 2, kz 250, cy

The state equations (n first-order differential equations) of

this model can be obtained by letting
Wy T Xg W, = Xy, Wy = Xpr Wy T X,

Then equations (3.3.1) may be written as

Wy T W,
. k, + k c, + cC k c
Y2 T - : m . W - - m = wy ¥ ﬁg W * ﬁg Wy

1 1 1 1

(3.3.2)
W3=WLL
k c k c F

. 2 2 2 2
W, = T Wy t = W, - == W, - = w, + —
4 m, 1 m, 2 m, 35 m, L m,

By substituting the values of the parameters into equation

(3.3.2), we get the state equations of model B in the following

Wy = W,

&2 = -2506w, - l.1w, + 250w3 + 0.1 w,

) (3.3.3)
W3 = Wu’

W, = 125w, + 0.05w, - 125wy - 0.05w, + g

The state equations represented by equations (3.3.3) can be

expressed in matrix notations as
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W=AW+3BF (3.3.4)
r v N / N r 0 o \
where Wy Wy 1_ 0
wz w, -2506 -1.1 250 0.1
ﬂ: . ,-w:: ’ A:
w3 w3 0 0 0 1
" 12 0.05 =125 -0.0
LWl | \Wu/ L 5 5 5 .5/
¢ N
0
0
_E:
0
0.5
N ”

Matrix A is so called plant characteristic matrix. The eign-
vaules S of the system can be obtained by solving the charac-

teristic equation of A, namely,
det (sI-4)=0 (3.3.5)

The characteristic equation is denoted by Q(S), then
equation (3.3.5) becomes

Y 4 2,383 4 5262.1 52 + 475,65 + 564000 = 0 (3.3.6)

Q(s) = 2s
A computer program was used to solve the polynomial equation
(3.3.6). The roots S are the two complex conjugate pairs,
-0.02265 = 10.58407 and -0.55235 + 50.18713.

The relationships between a complex conjugate pair of
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*
roots ( g, § ) and the damped natural frequency, the undamped

natural frequency and the damping ratio are shown in the follow-

ing.
¥*
If g = atbi and S = a-bi, then
damped natural frequency UWhi= b (3.3.7)
undamped natural frequency Wn= al + b2 (3.3.8)
and damping ratio ﬁf==——7§L———§ (3.3.9)
a”~ + b

The theoretical caculated natural frequencies and damping
ratio are shown in table 2.

By following the same procedure mentioned in section
3-2 the response data of the displacement x4 was generated
and stored on computer tape for analyzing. Before doing the
Random Decrement analysis the power spectral of the response
signal was obtained to locate the filter cut-off frequencies.
This was the result of the average of 15 Fast Fouler Transforms
of the response data. 512 data points were used for each
Fagst Fouier Transform.

From the power spectral density curve shown in figure
6, we can see that the input excitation has a relatively
uniform power spectral as we desired. The output has two
well-geparated resonant peaks which correspond to the principle
modes of the system. Two sets of filter cut-off frequencies
were selected. One was selected from O to 6 Hz. The other
one was chosen from 6 to 10 Hz.

The selection of the filter cut-off frequencies is

important. If the filter cut-off frequencies were chosen too
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far apart, a multi-frequency Random Decrement Signature would
result. On the other hand, if the filter cut-off frequency
were selected too close together, the actual resonant peak
would be distorted (11),.

The next step was to caculate the Random Decrement
Signature for each mode. The same procedure as the one mentioned
in section 3-2 was preceeded twice by filtering the response
data with each filter cut-off frequencies. The Random
Decrement Signatures obtained are shown in figures 7 and 8,

In order to check if the Random Decrement Signatures were
distorted or not, the power spectral density curves of the
Random Decrement Signatures were obtained and are shown in
figures 9 and 10, A single peak can be seen on each power
spectral density curve. Each Random Decrement Signature
represents a free vibration decay curve of the system for

each mode. The natural frequencies and the damping ratio were
then caculated from the Random Decrement Signatures by the
logarithmic decrement method and with the use of the curve
fitting technique. These two sets of results will be compared.
A summary of the results in this investigation is given in

table 2.

3-4, MATHEMATICAL MODEL OF A TWO-DEGREE-OF-FREEDOM SYSTEM

WITH CLOSELY SPACED MODES (MODEL C).

The equation of motion for the two-degree-of-freedom

system was given by equation (3.3.1). By substituting the
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values of parameters of the model C shown in figure 11, we

obtain

X, + 0.3 % - 0.2 %, + 650 x, - 50x, =0
0.1k, + 0.2 iz - 0.2 il + 50 x, -50 x, =

F

The state equation can be obtained the same way as

mentioned previously as

Y
wy (0 1 o0 0
W, 650 -0.3 50 0.2
W 0 o o 1
), 500 2 -500 -2

~ / N\ /

w
\Ll’/

The characteristic equation Q(S) of this system is

Q(s) = o.1s4

+0.2332 + 115,028

+ 1255 + 30000

i

0

(3.4.1)

F (3.4.2)

(3.4.3)

The roots S of equation (3.4.3) were found to be two complex

conjugate pairs, -0.678 + 27.335 and -0.472 + 20.025.

The

damped natural frequencies, undamped natural frequencies and

damping ratios were caculated by equations (3.3.7) to (3.3.9)

and are shown in table 3.

The system was excited by Dr. Everstine's random input.:

The response data of displacement xq was generated and stored

on computer tape for analyzing.

First of all the power

spectral density curve of the response data was obtained.
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This power spectral density curve is shown in figure 12.
From this power spectral density curve, we can see that the
system contains two closely spaced modes. It is difficult to
obtain the Random Decrement Signature for each mode by filter-
ing the response data with a narrowband filter. Several
efforts were made to separate these two modes by selecting
proper filter cut-off frequencies, but did not succeed. The
Random Decrement Signatures obtained were distorted and has
beating.

A multi-frequency Random Decrement Signature was obtained
without passing the response data through the filter. This
signature is shown in figure 13. The power spectral density
curve of this Random Decrement Signature was also obtained
and is shown in figure 14. From the power spectral, we can
see that it contains two closely spaced modes. Then a curve
fitting technique was used to extract the natural frequencies
and damping ratio From the Random Decrement Signature. The
signature was fitted with a theoretical complex exponential
function in least-square sense.

A summary of the results in this investigation is given

in table 3.

3-5, APPLICATION TO A COMPLEX PIPING NUMERICAL (FINITE ELEMENT)

SIMULATED SYSTEM.

A simple analytical test was performed to assess the

ability of the Random Decrement Technique to determine the
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natural frequencies and the damping ratios contained in the
non-trivial higher order system. A NASTRAN finite element
model with many degrees of freedom and preselected frequency-
dependent damping values was used for analyzing. The response
data of two points on the model subjected to a random input
was computed and stored on computer tape. One set of the
response data was analyzed to caculate the Random Decrement
Signatures for different filter cut-off frequencies. The
filter cut-off frequencies selected only covered individual
modes of the system.

Again before doing the Random Decrement analysis, the
power spectral density curve of the response data was obtained,
in order to locate the filter cut-off frequencies. This was
the result of the average of 23 Fast Foulier Transforms of the
response data. 512 data points were used for each Fast Fouler
Transform. This power spectral density curve is shown in
figure 15,

Eight sets of the filter cut-off frequencies were
selected. The next step was to generate the Random Decrement
Signatures. The same data was then passed through the Random
Decrement program for each of the proper selected filter cut-
off frequencies. Eight signatures resulted and are shown
from figure 16 to 23. Apparently some of the Random Decrement
Signatures are not free decay response curves. In this case
the natural frequencies and the damping ratio can not be
caculated directly from the signatures by the logarithmic

decrement method.
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The power spectral density curves of the Random Decrement
Signatures were obtained to identify the number of modes
contained in the signatures. The power spectral density curves
are shown from figure 24 to 31, For those Random Decrement
Signatures which appeared to contain only one mode, the natural
frequency and the damping ratio were caculated directly from
the signature by the logarithmic decrement method. For those
signatures which contain more than one mode, the least-square
curve fitting technique was used to extract the natural fre-
quencies and the damping ratio from each signature.

The procedure of curve fitting the multi-frequency
Random Decrement Signatures was the same as mentioned previously.
The estimate of the number of modes contained in the signature
to be curve Titted should be supplied to the program. It was
obtained from the power spectral density curves of the Random
Decrement Signatures.

A summary of the results in this investigation is given

in table 4.



"'.r;

CHAPTER 4

RESULTS AND DISCUSSIONS

L-1, RESULTS

Table 1 shows the results of the single-degree-of-freedom
system case and the comparison with the theoretically caculated
data. 570 Random Decrement averages were selected to obtain
the Random Decrement Signature. The damped natural frequency
and the damping ratio of fj = 63.816 Hz, 4 = 0.0126 were
determined from the Random Decrement Signature. These values
when compared to the theoretically caculated damped natural
frequency and damping ratio, indicate that the relative errors
are less than 3 %.

Table 2 shows the results of the two-degree-of-freedom
system with well-separated modes. In order to minimize the
truncation error during the time simulation, the proper time
step size was selected for the higher frequency mode. This
could 1limit the time history length of the lower frequency
mode during the time simulation and reduce the number of the
Random Decrement averages. This can be clearly seen from
table 2. 915 averages were selected for the higher frequency
mode. Only 190 averages were taken for the lower frequency
mode.

There are two sets of results ghown in table 2. In

23
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the first case the natural frequencies and damping ratios were
caculated directly from the Random Decrement Signature by the
logarithmic decrement mathod. In the second case they were
obtained by curve fitting the Random Decrement Signatures
obtained with a theoretical exponential function. In both
cases the results obtained for the higher frequency mode are
better than that for the lower frequency mode. Insufficient
number of Random Decrement averages selected to yield the
Random Decrement Signature might be the main reason to obtain
the coarse result for the lower frequency mode. This will
be verified in section 4-2. Now comparing the results obtained
by logarithmic decrement method and the curve fitting method,
we found that the curve fitting method gave us a better result
than the logarithmic decrement did. |

Table 3 shows the results of the two-degree-of-freedom-
system where the modes are closely spaced. From the power
spectral density curve shown in figure 12 we can see that the
system contains two closely spaced modes. These two modes
can not be separated by the narrowband filter. Individual
Random Decrement Signature could not be obtained for each
mode. The Random Decrement Signature obtained without passing
the response signal through the narrowband filter is shown
in figure 13. The natural frequencies and damping ratios were

. then determined by the curve fitting method.

,The selection of four hundred fourteen Random decrement
averages were made in this investigation. The damped natural
frequencies and damping ratios of f4= 3.179 Hz, f, = L,378 Hz,
él = 0.0237,;?2 = 0,0254 were extracted from the Random
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Decrement Signature. These values when compared to the
theoretically caculated damped natural frequencies and damping
ratios, indicate that the relative errors are less than 3 %.

Table 4 shows a summary of the overall results in the
investigation of the finite element model case. A comparison
of the obtained results with the preselected frequency-depen-
dent damping values used in the finite element computer model
is given in figure 32. The results obtained show fair agree-
ment with the preselected data.

There are several possible sources of error that may
cause this discrepancy. In this investigation a total of
12,000 response data points were computed from the NASTRAN
finite element analysis. By selecting the standard deviation
of the response data analyzed as the threshold level, we
were only able to get about 300 Random Decrement averages to
yield the Random Decrement Signatures below fregquency 600 Hz.
This number is probably not enough to average out the random
part of the response signal to obtain a Random Decrement
Signature which represents the free decay vibration curve of
the system. This might be the main reason why we got the
coarse results for the frequency below 600 Hz in this investi-
gation. |

An investigation on the effect of the number of the
Random Decrement averages on the results will be given in
section 4-2. Some other possible sources of error, such as
the time simulation error and the location of the response

measuring station, may probably cause the coarse results.
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These will be investigated and discussed in sections 4-3 and
L_lL, A check for the convergence of the Random Decrement

Signature will also be investigated in section 4-5.

4.2, THE EFFECT OF THE NUMBER OF RANDOM DECREMENT AVERAGES

When insufficient number of Random Decrement averages
are selected from the response signal, the resulting Random
Decrement Signature is rather coarse. In ( 6 ) it was shown
that the error function between the Random Decrement Signature
obtained and the theoretical free response curve depends on
the number of the Random Decrement averages. The more the
Random Decrement averages, the smaller the error. Here a
simple test was performed to investigate the effect of the
number of Random Decrement averages on the determination of the
natural frequencies and damping ratios from the Random Decre-
ment Signatures.

Response signal of model C was investigated. Two
different lengths of the response signal were analyzed to
obtained the Random Decrement Signatures. The natural fre-
quencies and the damping ratios were then extracted from the
Random Decrement Signatures by the curve fitting method. 1In
the Tirst case 192 averages were selected. The damped natural
frequencies and damping ratios of fy = 3.18 Hgz, f, = 4,363 Hz,
51 = 0.018,1g2 = 0,02 were determined from the Random Decrement
Signature. Tn the second case the selection of 414 averages
were made. The damped natural frequencies and damping ratios

of £, = 3.179 Hz, T, = 4.378 Hz, 41 = 0.0237, £, = 0.0254
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were determined from the Random Decrement Signature. These
values were compared to the theoretically caculated damped
natural frequencies and damping ratios of f1 = 3,187 Hz,
£,= 14.349 Hz, 4, = 0.0236, £, = 0.0248. The relative errors
of the results for both cases were also caculated and indicated
that the results obtained from 414 Random Decrement averages
were much more accurate. A summary of the results in this

investigation is given in table 5.

4-3, LOCATION OF THE RESPONSE MEASURING STATION

From the study of the two-degree-of-freedom system
where the modes are well-separated, we found that the results
obtained by analyzing the displacement response data Xq had
no much difference from those obtained by analyzing the
displacement response data Xy

In practice all the real structures contain multiple
vibrational modes. However, the effects of some modes may
not manifest themselves at the point in consideration. For
example the selection of the nodal point of a particular model
would make it impossible to identify it. This may affect
the determination of the damping ratio.at that mode.

Two sets of response data of the finite element model
measured from two different locations were investigated.
Their power spectral density curves were obtained and are
shown in figures 15 and 34. From the power spectral density
curves we can see the presence of relatively few distinct’

modes. For instance the mode at frequgncy 220 Hz in figure
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15 did not show up in figure 34. Also from NASTRAN finite
elements eignvaule analysis we found that there were more

modes than those obtained from Random Decrement analysis.

4-L, TIME SIMULATION ERRORS

As mentioned previously the accuracy of the time
simulation routine for initial value problems depends on the
time step size. The smaller the time step size, the smaller
the truncation error.

In order to obtain enough Random Decrement averages, 2
long time history length need to be taken during the time
simulation. Eventually it is uneconomical and the round-
off error becomes significient if the time step size is
chosen to small. On the other hand, when the time step size
is chosen too large, the truncation error will become signifi-
cient. A good rule of thumb is that during the numerical
integration one should compute a variable at least 10 to 20
times per cycle of its highest frequency mode. The choice
of twenty points per cycle was made in the investigations of
the models A, B and C during the time simulation process.

For the finite element model case the choice of twenty points
per cycle was made at frequency about 600 Hz. Only nine points
per cycle were computed for the mode of frequency about 1,400
Hz. The global truncation error might be significient in

that case. This is probably one of the reasons why the coarse
results were obtained for the higher frequency modes in the

investigation of the finite element model case.
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The accuracy of the time simulation may be improved
either by the Richardson extrapolation method 15 or with

the proper choice of the time step size.

4L-5, CHECK FOR CONVERGENCE OF THE RANDOM DECREMENT SIGNATURE

In section 4-2 it was shown that the number of the
Random Decrement averages would affect the accuracy of the
natural frequency and damping ratio obtained by the use of
the Random Decrement analysis. The gquestion was raised as
to how many Random Decrement averages should be taken to
yield a Random Decrement Signature which was representive
of the free vibration curve of the system analyzed. 1In stead
of answering this question the check for convergence of the
Random Decrement Signature was investigated.

Different lengths of the response signal of model B was
analyzed to obtain the Random Decrement Signatures for the
higher frequency mode. The number of the Random Decrement
averages was varied from 4 to 952. In stead of caculating
the error function between each Random Decrement Signature and
the theoretical free decay curve (6), the check for convergence
was performed by comparing the sum of the square of errors
between the successive averages. The caculated sum of square
of errors are given in table 6. The plot of the error func-
tion between successive Random Decrement Signatures was .also
obtained and is shown in figure 33.

Another investigation for checking the cbnvergence'of )

the Random Decrement Signature was made by using the curve
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fitting method. The Random Decrement Signatures obtained in
the first investigation were curve fitted with the theoreti-
cal exponential functions. The norms of the error functions
between the Random Decrement Signature and the theoretically
approximating exponential functions were obtained. The
natural frequencies and damping ratiocs were also determined
from the Random Decrement Signatures. The results of this
analysis are given in table 7.

From the above investigations it is clear that the
Random Decrement Signature will converge after approximatly

800 to 900 Random Decrement averages are taken.

4-6. CONCLUSION

The Random Decrement Technique is found to be a powerful
and accurate method in the determination of the natural
frequency and damping ratio by only analyzing the response
signal of a system subjected to the random excitations.

Through these studies a good understanding of this

technique has been obtained. The cpnclusion from these
studies are:

1. For single-degree-of-freedom systems the natural
frequency and damping ratio can be determined directly
from the Random Decrement Signature by the logarithmic
decrement method.

2. For multi-degree-of-freedom systems where the modes
are well-separated, the Random Decrement Signatures

of the individual modes can be obtained by bandpass
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filtering the response data first. The natural frequ-
encies and damping ratios are determined from the
Random Decrement Signatures by the logarithmic decrement
method.

For multi-degree-of-freedom systems where the modes

are closely spaced, the natural frequencies and damping
ratios can be determined by curve fitting the Random
Decrement Signature which contains the closely spaced
modes with a theoretical exponential function.

The accuracy of the Random Decrement Technique is a
function of the number of the Random Decrement averages.
Insufficienf Random Decrement averages may cause the
coarse results for determining the natural frequency
and damping ratio from the Random Decrement Signature.
The Random Decrement Signature will converge as the
number of the Random Decrement averages increases.

The investigations made in section 4-5 indicate that
the Random Decrement Signature converges after approxi-

matly 800 to 900 Random Decrement averages were taken.
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LIy

K, = 2256 2 L-::l cy =1

my = 1

K =250% — CZ=O'1

Figure 5. Two-Degree-of-Freedom System with Well-Separated

Modes (Model B)
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Theoretically Caculated Values

Damped Natural Frequency = f = 63.662 Hz
Damping Ratio = # = 0.0125

Random Decrement Signature Results

Number of Time Samples used to find the Signature = 19489
Number of Random Decrement Averages selected = 570

Damped Natural Frequency = fp = 63.816 Hz

Damping Ratio by the Logarithmic Decrement Method=é%=0.0126

Relative Errors of

fo-T
Damped Natural Frequency = Rf = 0.242 %
-4
Damping Ratio = ‘fé— = 0.8 %

Table 1. Summary of the Results of the Single-degree-of-freedom
System (Model A)



Theoretically Caculated Values

First Mode
Damped Natural Frequency Iy = 1,684 Hz
Damping Ratio _41 = 0,00214

Random Decrement Signature Results

First Mode

Filter Range: 0-6 Hz

75

Second Mode

f2 7.988 Hz

1;2 = 0.011

Number of Time Samples used to find the Signature = 24489

Number of Random Decrement Averages selected

Second Mode

Filter Range: 6-10 Hz

= 190

Number of Time Samples used to find the Signature = 24489

Number of Random Decrement Averages selected = 952

Results obtained by the Logarithmic Decrement Method

First Mode
Damped Natural Frequency fp = 1.685 Hz
1
Damping Ratio 44R = 0,00244
i !

Relafive Errors of

Damped Natural Frequency fR -fl

= 0,06 %
Ty

Damping Ratio léﬁlﬂél = 14,1 %
41

Table 2. Summary of the Results of MNodel B

Second Mode

fR2= 7.988 Hz

¢£R2= 0.012



Results obtained by the Curve.Fitting‘Method

Damped Natural Frequency

Damping Ratio

Relative Errors of

Damped Natural Frequency

Damping Ratio

Table 2. (Continued)

First Mode
fC = 1,687 Hz
1
b,
fl 0.178 %
Lot 1555

24

76

Second Mode

fo = 7.977 Hz

2
0.00243  J, = 0.011
(<4 2
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Theoretically Caculated Values
Firgt Mode Second Mode
Damped Natural Frequency T, = 3.187 Hz f, = L.349 Hz
Damping Ratio 4£1 = 0,0236 152 = 0,0248

Random Decrement Signature Results

Filter Range: None (No Filter used)
Number of Time Samples used to find the Signature= 24489

Number of Random Decrement Averages selected = 414

Results obtained by the Curve Fitting Mothod

First Mode Second Mode
Damped Natural Frequency o = 3.179 Hz fo = 4,278 Hz
1 2
Damping Ratio = 0.0237 /. = 0.0254
Lo, tc,
Relative Errors of
To,m 1 fo -T2
Damped Natural Frequency 1 = 2 -
T 0.251 % T 0.667 %
1 2
Damping Ra'tiO "”C -% - 0.424 % M: 2.42 %
2 41

Table 3. Summary of the Results of Model C
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Filter Cut-Off Damped Natural Damping Ratio Number of Random

Frequency, Hz Frequency, Hz  Average, % Decrement Averages
210-250 217 13.2 204
L00-450 Lo7 5.58 304
650-720 707 9.5 498
780-820 806 6.7 598
920-970 1060 745 738
1120-1155 1114 9.3 914
1274 12.4
1155-1180 1300 14,9 912
1380-1420 1365 13.2 998

* Time Steps 8::10'5 sec.

# Number of Time Samples used: 7500

Table 4. Summary of the Results of the Finite Element Model



79

Theoretically Caculated Values

First Mode Second Mode
Damped Natural Frequency 3.187 Hz L.349 Hz
Damping Ratio 0.0236 0.0248

Random Decrement Signature Regults

Number of Random

Decrement Averages 192 Liy
Damped Natural f,= 3.180 ;= 3.179
Frequency, Hz - )
' £,= 4.363 £,= 4.378
Damping Ratio, % 1!1= 0.018 4fl= 0.0237
42= 0.02 %)72= 0.0254

Table 5. Comparison of the Random Decrement Signatures

with different number of the Random Decrement Averages



Comparison between
successive Averages

L

50
100
200
Loo
600
800

Table 6.

and

and
and
and
and
and

and

50

100
200
400
600
800

952

Sum of the Squares

of Errors

479 x

897 x
134 x
«303 x
47 x
.387 x
0222 X

1075

10'6

80

Comparison of the Sum of Squares of Errors between

Successive Random Decrement Averages



Number of Random
Decrement Averages

Damped Natural Dampin

Frequency, Hgz

% Ratio Error

L

50
100
200
400
600
800
952

Theoretical Values

8.02
7493
7.95
8.0

7.97
7.98
7.98
7.98

7.988

-

0.85

1.22

1,04
1.17
1.1
1.1

1.1

81

0.4 x 10'5

n ]
¥ Errors = E:[y(ti)-fér— as mentioned in section 2-3.

o

Table 7. Summary of the Results for different Random Decrement

Averages by the Curve Fitting Method
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RANDOM NUMBER GENERATOR

The random number generating routine used in this
thesis to generate the random response during the time
simulation was developed by Dr. G. C. Everstine . This
routine generates a random function Yj by summing N sets
of equal-amplitude, random frequency and random phase
sinusoids over a frequency range that is desired. The
mathematical derivation of the random function Yj is shown
in the following.

F.s (i=1,m) are sinusoidal functions with randomly
chosen phase angles and frequencies. Let f, (i = 1,m) be
the ith sinusoidal frequency and have f1 fz seses fm'
X, and xy are the initial and finial time of the time history.
The time history has N steps. Thus a random function yj

is determined in the following equation

LAY 2 3
vy = Z,cos 2m(xy + (§-1)ax)f ., 01 (5 = 1, N+1)
‘—'
.* - 3*
where € i 5 27R i
f f f (1= 1,m)
* - . m -~ 1 m -~ "1 %
fligg =T+ G-1) —5—+ —F— R
Xy = X
. N 0
AxX = N

*
R .= random numbers obtained from uniformly distributed

random function over the range (0, 1).

83
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The phase angles of this random function yj are random-
ly determined between O and 2W. Frequencies are randomly
determined between f1 and fm'

The mean of the random function yj are computed and
subtrated from the random function yj. Then the desired
random function Yj which has zero mean is obtained. The
number of the sinusoidals with randomly spaced frequencies

is recommended to be at least 200 in order to get a reasonably

random function.

* Dr. G. C. Everstine, DINSRDC 1844, Phone: 202-227-1660
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